Introduction
We only allow finitely many colors. The set %F& of n-colors is (1, 2, . . . , n}. Let k be an integer 32. A k-restraint on a graph G is a function from the vertex set of G to & U (03). A restraint is proper if it is finite-valued. A restraint is trivial if it is proper and constant. A k-coloring c of G satisfies the restraint r if C(V) #r(v) for each vertex v of G. We also say that r permits c. G is amenably k-colorable if every nontrivial k-restraint permits a k-coloring of G. A graph of chromatic number k is amenable if it is amenably k-colorable. We often prefix the chromatic number to the terms "amenable" and "critical". As an illustration, notice that any complete graph is amenable (Dirac [3] ).
This paper initiates a study of amenable graphs that are not necessarily critical. The concept of critical amenable graphs is due to B. Toft [8] . Although most of our examples are critical, this concept only rarely appears in our proofs. In this introduction, we shall only discuss amenable graphs, although many of our results deal with the more general case of amenably k-colorable graphs. We consider two standard graph constructions: the join and Hajos construction+onstructions that yield critical graphs for suitable starting graphs. We show that the join operation preserves amenability. Moreover, any critical graph G can be embedded in an amenable critical one by joining G with a suitable complete graph. The smallest size of such a complete graph is called the (amenability) deficiency of G. We calculate the deficiency for a family of graphs introduced by Toft [8] .
We show that the Hajds construction of two amenable k-critical graphs need not be amenable for any k 2 5. However, there is a more restrictive condition (strongly k-critical) that guarantees that the Hajds construction is amenable. This new condition is a reasonable one because both odd cycles and complete graphs are strongly critical. The fact that an amenable k-critical graph does not have to be strongly k-critical is a consequence of the previous two results. On the other hand, from certain amenable non-strongly k-critical graphs nonamenable kcritical graphs can be constructed. Although we believe that the reader will find this fact plausible once the definition of strongly critical is introduced, we do not think that he will find it obvious.
The above ideas are organized and formulated as follows:
In Section 1, we construct additional infinite families of amenable graphs and use them to convert hypergraph coloring into graph coloring. More constructions for amenable graphs are given in Section 2, and strongly critical graphs are defined. The graphs of Section 3 can be used to construct amenable graphs. In Section 3, we show that odd cycles and complete graphs Kk are strongly critical. In addition, we show that the join operation preserves the strongly critical property. Certain critical graphs are shown to be amenable in Sections 4 and 5. In Section 6 we reproduce a construction of Toft yielding nonamenable k-critical graphs for k 2 5. We also reproduce an observation of Toft [lo] that graphs constructed independently by Rod1 and Stiebitz [6] give nonamenable 4-critical graphs. The problem of creating amenable graphs from nonamenable ones by joining complete graphs is discussed in Section 7. In Section 8, the graphs of Section 6 are used to provide, for each k 2 5, infinitely many examples of amenable k-critical graphs that are not strongly critical. The existence of such graphs for k = 4 is conjectured. The same family of graphs is used to show, for any k 5 5 , that there are amenable k-critical graphs for which the Hajds construction on two copies is not amenable. (By Corollary 2.3, the Hajos construction on two strongly k-critical graphs is an amenable graph.)
Examples and an application of amenable graphs
In this section we discuss properties of the notion of amenability introduced in Section 0.
Concerning small graphs, K1 is the unique amenably l-colorable graph while K2 is the unique 2-amenable graph. On the other hand, edge-free graphs are amenably 2-colorable.
Observe that, to show that a graph is amenably k-colorable, k > 1, it suffices to consider nontrivial proper k-restraints. Indeed, let k > 1 and r a k-restraint on G with a finite value (Y on some vertex x. Choosing a k-color /3 # CY, we can define a nontrivial proper k-restraint r', that agrees with r whenever the value of r is finite by setting r'(u) = B whenever r(u) = m. Then any k-coloring that satisfies r' also satisfies r.
As a further illustration of these definitions observe that the disjoint union Gi U G2 of the amenably k-colorable graphs G1 and G2 is amenably k-colorable iff the chromatic number of both Gi and G2 is less than k.
In general, we follow the notation and terminology of Bollobas [l] for graphs and hypergraphs. In the join G + H of two graphs G and H, an edge is added between each vertex of G and each vertex of H. The chromatic number of a hypergraph H is denoted by x(H). A hypergraph H is critical (respectively, vertex critical) if removing any edge (respectively, vertex) lowers its chromatic number. The class of critical amenable graphs was considered implicitly by Toft [8] . A critical graph G is amenable iff v is "universal" in G + v according to the terminology of Toft [8] . Fig. 1 shows two 4-amenable graphs that are not critical. Stating from these examples, Proposition 1.1 yields noncritical k-amenable graphs for any k 2 5.
Any amenable graph is vertex critical. (For any vertex 2r of G, define a nontrivial restraint that is constant on G -v.) Consequently, all amenable graphs are finite.
Any (possibly infinite) k-chromatic graph G is amenably (2k)-colorable. (If c and c' are colorings of G that use disjoint sets of k colors, then for any restraint r on G and for each vertex V, one of c(v) or c'(v) will disagree with r(u).) By a similar argument, any vertex k-critical graph is amenably (2k -1)-colorable.
Notice also that the complete k-partite graph is not amenably Z-colorable for I< 2k if each cell contains at least I vertices. Toft [8] , assisted by Sorensen, constructed nonamenable critical graphs with any chromatic number at least 5.
Later efforts by Riidl, and Stiebitz [6] , noticed by Toft, permitted the construction of nonamenable 4-critical graphs. (This answered a question asked by Gallai, see [7] .) We describe these examples in Section 6. In Section 8, we describe another construction which may produce nonamenable 4-critical graphs different from those cited above.
For a subset S of the k-colors, the S-reduct of a k-restraint on G is the S-restraint r' on G defined by: r'(x) = r(x), whenever r(x) E S; co, otherwise.
If s = {1,2, . . . ) n}, then r' is called the n-reduct of T. Note that the reduct of a nontrivial restraint is always non-trivial. The following result is a specialization of each of Propositions 1.3 and 2.1.
. Zf a graph G is amenably k-colorable, then G + v is amenably (k + l)-colorable.
J.B. Kelly and L.M. Kelly [4] showed that any odd cycle is 3-amenable. In other words, every 3-critical graph is amenable. (Corollary 3.4 is a strengthening of this result.) Thus, for k s 3, k-critical and k-amenable graphs coincide. Proposition 1.1 now implies that each complete graph Kk is amenable. The result of Kelly and Kelly [4] also shows that Corollary 1.2 (Toft [8] ). For any k 5 3, the set of critical k-amenable graphs (up to tsomorphism) is infinite.
The next result shows that the converse of Proposition 1.1 is false. If the vertex critical graph G is not amenable, then for some m a 0, the graph L = G + K,,, is not amenable, but L + v is amenable. This passage from nonamenable to amenable graphs is considered again in Section 7. Proposition 1.3. Let G be a k-colorable graph, let n 3 IV(G)\, and let H be an amenably n-colorable graph. Zf G is k-chromatic, then G is also assumed to be vertex critical. The graph G + H is amenably (k + n)-colorable. Proof. Since G + H = K2 when n = 1, we assume that n 3 2. Let r be a nontrivial proper (k + n)-restraint on G + H, let S be a set of k-colors that is disjoint from r(G), and let T be the remaining set of n colors. If the T-reduct of r is nontrivial on H, then we can T-color H to satisfy r. Using any S-coloring of G, the T-coloring of H extends to a (k + n)-coloring of G + H that satisfies r. We can now assume that r(H) = {a} and (Y E T. Choose any #l E S. Let c be an arbitrary ((T -{mu)) U {/3})-coloring of H. We combine c with an {S -{/3}}-coloring of G unless x(G) = k. In the remaining case, let v be a vertex of G for which r(u) # cu, and combine c with an ((5 -{p}) U { cu})-coloring of G in which (Y is used only at 2). Cl
The argument presented in the proof of Proposition 1.3 presents a recurring theme typical of several lemmas to follow. We shall suppress the proofs of some propositions when the proof is easily obtained from previous arguments following the theme.
Let k 2 3. Toft [8] described a hypergraph-to-graph transformation Yk that associates, to any finite hypergraph H, a finite graph Yk(H) such that H is
transformation was used by Lovasz [5] .) J.B. Kelly and L.M. Kelly [4] implicitly applied the transformation Y3 to the 4-critical hypergraph of n-element subsets of a set with 3n -2 elements. The transformations Yk are also implicitly applied in Descartes [2] . In general, Yk(H) is formed from the hypergraph H by replacing each edge e having II 2 3 vertices by a k-amenable graph G with at least n vertices, and joining each vertex of G to exactly one vertex of e, so that each vertex of e is joined to at least one vertex of G. (Such graphs G can be found by Corollary 1.2.) In distinction to Toft [8] , we do not require each graph G to be critical. Proof. Let e,, e,, . . . , e, be the edges of H with at least 3 vertices, and let Gi, G2,. . . , G,, be the corresponding k-amenable graphs. Assume that H is k-colorable, and let c be a k-coloring of H. Let 1~ i s II. If the vertex x of Gi is connected to the vertex y of ei in Yk(H), then we set r&x) = c(j~). Since ri is a nontrivial k-restraint on Gi and Gi is k-amenable, we can extend c to a k-coloring of Yk(H). Conversely, if a k-coloring of Yk(H) assigned the same color to all vertices of some edge ei (1 s i s n), then Gi would have a (k -1)-coloring, a contradiction. Cl
We close this section by giving some views on how the concepts of restraint and amenability can be generalized. The multiple restraints introduced will be used in Section 5 and 7. They were also implicitly used by Dirac. 
The Dirac and Haj6s constructions
There are two classical methods for constructing new critical graphs: the join operation (due to Dirac [3] ) and the Hajds construction (see, for example, Toft [S]). We shall show that the Hajos construction yields k-amenable graphs when applied to certain k-amenable graphs (the strongly critical ones). We first generalize Proposition 1. Proof. Let r be a nontrivial proper k-restraint on G where k = kI + k2. For i = 1, 2, there are Vi E V(Gi) with r(vJ f r(v2). Let Si and S, be a partition of the k-colors into disjoint sets with k, and k2 elements, respectively, such that r(v2) E S, and r(vJ E S,. For i = 1, 2, the Si-reduct ri of the restriction of r to Gi is improper. If ci is a $-coloring of Gi that satisfies I;:, then c1 U c2 is a k-coloring of G satisfying r. This completes the proof. Cl
In this work we refer to the simplest form of a general construction introduced by Hajos to form a k-critical graph from two k-critical graphs. Here, the Hajos construction is applied to two graphs G1 and G2 which have only one vertex, x, in common. If xy, is an edge of Gi, and xy, is an edge of G2, the Hajos construction adds the new edge y,y, to (Gi\xy,) U (G,\xy,).
See Fig. 2 . We require some definitions before we consider the Hajos construction further. We assume that k 2 3.
A vertex x of the graph G is k-free with respect to the k-restraint r on G if r permits a k-coloring c of G with c(x) = LY whenever (Y is a k-color distinct from r(x). A vertex of G is k-free if it is k-free with respect to every nontrivial k-restraint. A graph is k-free if every vertex is. Suppose x in G is k-free. Clearly, G is amenably k-colorable Moreover, x(G) < k. Indeed, let r be the nontrivial restraint on G with r(x) = 1 and r(y) = k for every other vertex y. Any k-coloring c of G satisfying r with c(x) = 2 will only use k -1 colors. Therefore, in the definition of a k-free vertex, the word "nontrivial" can be omitted.
Let r be a k-restraint on the graph G, and let x and y be distinct vertices of G. A k-color a #r(x) is constraining for the ordered pair (x, y ) with respect to r if all the k-colorings that satisfy r and assign (Y to x take a common value on y; otherwise, a is unconstraining for (x, y). An ordered pair of vertices (x, y ) of G is called weakly k-unconstrained if, for every nontrivial k-restraint r on G, there is an unconstraining k-color for (x, y ). A weakly k-unconstrained pair (x, y ) is k-unconstrained if x is k-free. (We shall only be interested in unconstrained pairs (x, y) for which xy is not an edge of G.) If a is an unconstraining k-color for (n, y ) in G with respect to the nontrivial restraint r, then r permits a k-coloring of G Uxy that assigns the color (Y to x. Consequently, if (x, y) is weakly k-unconstrained for G, then G Uxy is amenably k-colorable.
We shall call the edge xy of a graph G k-unconstrained if both (x, y) and (y, x) are k-unconstrained in G -xy. We call a k-chromatic graph G strongly critical when every edge of G is k-unconstrained.
We define K1 and K2 to be strongly critical as well. Such a graph is amenable and critical. However, as shown in Section 8, a critical amenable graph is not necessarily strongly critical. Examples of strongly critical graphs are given in Section 3. Proof. Let r be a nontrivial k-restraint on G and let ri be the restriction of r to G; (i = 1, 2). By symmetry, we can assume that r, is nontrivial. Let (Y # r(x) be an unconstraining k-color for (x, yl) in G; with respect to r,. Since G; is (k -1)-colorable there is a k-coloring c2 of G; satisfying r2 with c2(x) = (Y even if r2 is trivial. (The freeness of x in G, was just used.) Let cr be a k-coloring of G; that satisfies r, with cl(x) = (Y and cl&) #c&). Clearly, c1 U c2 is a coloring of G that satisfies r. Cl Corollary 2.3. For k 3 3, let G1 and G2 be strongly k-critical graphs with only a single vertex in common. Zf G is formed from G1 and G2 by the Ha@ construction, then G is amenably k-colorable.
Observe that G is k-critical in Corollary 2.3. Proposition 3.1 will show that the added edge in Corollary 2.3 is k-unconstrained.
Graphs with unconstrained pairs
The linked sum G of two graphs G1 and G2 is obtained from the disjoint union G1 W G2 by identifying a vertex of G1 with a vertex of G2. The linked sum of any finite number of graphs G1, G2, . . . , G,, is defined similarly (a vertex of Gi is identified with a vertex of Gi+, for 1 s i <n). The Hajds construction adds one edge to the linked sum of two factors. Proposition 3.1 can be iterated to yield linked sums of arbitrarily many factors with a k-unconstrained pair (x, y ). As we observed in Section 2, adding the edge xy yields an amenably k-colorable graph G. Since the graph G can also be obtained by iterating the Haj6s construction in a particular way, G is k-critical if each factor is. Proposition 3.1. For k 2 3, let (Xi, yi) be k-unconstrained in the graph Gi for i = 1 and 2, assume that y, is k-free in G1 and x(G2 U n,y,) = k. Zf y, is identified with x2 to form the linked sum G of G, and G2, then (x1, y2) is k-unconstrained in G.
Proof. Clearly, x1 is k-free in G. Let r be a nontrivial k-restraint on G. Let r, and r2 be the restrictions of r to G1 and G2, respectively. If r2 is nontrivial, then let c1 and c2 be two k-colorings of G2 that satisfy r, agree at x2, and disagree at y,. Using the k-freeness of y,, there is a coloring c of G1 that satisfies r, with c(y,) equaling the values of c1 and c2 at x2. Clearly, c U c1 and c U c2 are k-colorings of G that satisfy r, agree at x1, and disagree at y2. We can now assume that r2 is trivial. Let cl and c2 be k-colorings of G1 that satisfy the nontrivial restraint r,, agree at x1, and disagree at y, . There are colorings C~ and c4 of G2 satisfying r2 for which 4x2) = cl(yl) and c4(x2) = c2(y1). Since adding the edge x2y2 to G2 increases its chromatic number, ci(x2) = Ci(y2) for i = 3, 4. Therefore, c1 U c3 and cJ U cd will satisfy r, agree at x1 and disagree at y2. •i Corollary 3.2. Let k 2 3, and the graphs G1 and G2 be strongly k-critical. Form a new graph G from G, and G2 by the Hajcjs construction. Zf y,y, is the added edge, then (y,, y2) is k-unconstrained in G -y,y2.
In the rest of this section, we provide examples of strongly critical graphs and give constuctions for graphs with unconstrained edges. In particular, we shall show that the complete graph Kk is strongly k-critical. Finally, we show that being strongly critical is preserved by the join operation, a result analogous to Proposition 2.1.
A path P,, of length n is a graph with n + 1 vertices x0, xi, . . . , x, and n edges x0x1, x1%2, * * * , x,_~x,.
Since the path PI is obviously 3-free, every path is 3-free. It follows that every tree is amenably 3-colorable. Proof. The proposition is proved by induction on n. The induction step is similar to that in the proof of Proposition 3.1 except that when a nontrivial 3-restraint is trivial on the last edge zy, it is easy to check that colorings witnessing an unconstraining 3-color for (x, z ) extend uniquely for (x, y ) . 0 Remark. It is not true that (x, y ) is 3-unconstrained for any two distinct vertices x and y of a path. For example, if the path is x0, xi, x2 and r(xo) = 1, r(xi) = r(xz) = 2, then both 1 and 3 are constraining colors for (xi, x2).
The goal of the remainder of this section is Theorem 3.12, that the Dirac Sum preserves the property of being strongly critical. This involving asking when a pair (x, y ) is unconstrained in Gi + G2. There are two basic possibilities; a pair may be selected in one of the copies, or one element may be selected in each copy. The first possibility is treated by Proposition 3.6. The second basic case is broken down into two propositions, Propositions 3.9 for lGzl = 1 and Prop. 3.11 for the general case, while Proposition 3.10 develops the freeness property. It is felt that singling out these properties of the above propositions may prove technically useful for future research. The proofs, however, are quite technical and all turn on the idea of partitioning the ki + k2 colors available for G1 + Gz into a set S, of colors to be used for G1 and a set S, of colors to be used for Gz. This recall the situation of Proposition 2.1, but there are many more subcases involved and identifying the cases, then selecting the sets and colorings appropriately is sometimes not evident. In this section we will only present the propositions. Proof. By Proposition 1.1, it suffices to prove the statement for k = 4, and so we make this assumption. If n is even, the result follows by the construction of Corollary 1.2. Therefore, we can assume that n = 2m + 7 for some m Z= 0. Let HI and H2 be paths with 3 and 2m + 3 vertices respectively. For i = 1, 2, let xi and yj be the endvertices of Hi, and set Gi = Hi + K1. Since (xi, yi) is 3-unconstrained in Hi for each i (by Proposition 3.3), Proposition 3.5 implies that (xi, yi) is 4-unconstrained in Gi and y1 is 4-free in Gi. Form the linked sum G of G1 and G2 by identifying y, and x2. By Proposition 3.1, (xi, y2) is 4-unconstrained in G. If we form G' by adding the edge e = x,y, to G, then G' is critical, 4-amenable, and e is a 4-unconstrained edge of G'. Clearly, G' has exactly n vertices.
Corollary 3.8 also follows from Corollary 5.3 because the family .X4,, contains 4-amenable graphs on n vertices for any n 2 6. 0
To prove that the join operation preserves the strongly critical property we need the following three propositions. Proof. Apply Propositions 3.6 and 3.11. Cl Corollary 3.13. For any odd n 2 3, the n-wheel W,, the join of a cycle of length n and a single vertex, is strongly 4-critical.
Proof. Apply Corollary 3.4 and Theorem 3.12 in the special case that G2= K1. 0
Four-critical amenable graphs
As we mentioned after Proposition 1.1, odd cycles are amenable, i.e. all 3-critical graphs are amenable.
The case of 4-critical graphs is much more complicated. Let T,, T2, . . . , T3,, denote the 4-critical graphs on at most 9 vertices in the order given in Fig. 4 of Toft [9] . We have verified that these graphs are amenable. The wheels T,, T2, and Ts are amenable by Proposition 1.1; in fact, they are strongly critical by Corollary 3.13. Since T3 and T,, can be obtained by the Haj6s construction, they are amenable by Corollaries 2.3, 3.7, and 3.13. Each of the remaining graphs can be shown to be amenable by using the amenability of a largest chordless odd cycle, applying the next two results.
The first applies to the 4-critical graphs q, T4, T14, T15, T16, TzO, Tzl, Tz2, T,, Tzd, T,, and Tz9; the second to T6, T,, T,, and T9. Proposition 4.1. Let G be a 4-critical graph on n vertices for some odd n 2 5. Zf G contains a chordless cycle C on n -2 vertices, then G is amenable. Proposition 4.2. Let G be a graph whose vertices are those of two disjoint induced subgraphs C and P, where C is an odd cycle and P is a path from x to y to z. Zf there is exactly one edge from y to C in G, neither x nor z is joined to every vertex of C, and G -{y} is 3-chromatic, then G is amenably 4-colorable.
We leave the proofs to the reader. Nonamenable 4-critical graphs have been discovered only recently by Toft [lo] based on independent constructions due to Rod1 and Stiebitz [6] . They are presented in Section 6. We mention here that the smallest among them has 65 vertices. So a considerable gap remains unclarified.
Remarks.
1. Each of Propositions 4.1 and 4.2 applies to infinitely many 4-critical graphs. For example, T3 and Tz8 are each obtained by joining one new vertex x to three consecutive vertices zli, Q, vg of the odd cycle C, and joining the other new vertex y to the remaining vertices of C and ui.
2. Let G be a 4-chromatic graph that satisfies the hypotheses of Proposition 4.2 and let y be joined to v on C. Each vertex of C is joined to x or z. Moreover, if G is 4-critical and u is joined to both x and z, then each vertex of C distinct from u is jointed to exactly ooze of x or z.
More amenable graphs
The families rC,,, of k-critical graphs were introduced by Toft [7] . The class rt,,, contains the 4-critical graphs 7'i0, T17, and T,,. We shall give conditions under which graphs in these families are amenable. In particular, all the graphs in St,,, and X4,, are amenable. Multiple restraints, which were introduced in Section 3, will play an essential role.
Let k and m be integers with k 3 3 and 1 c m < k/2. We repeat the definition of rt,,, from Toft [7] , (see Fig. 3 Toft [7] showed that each graph in X&,, s i k-critical. Since X,,, contains a single graph, a 5-cycle, we henceforth assume that k 3 4. The following lemma needs no proof. Proof. Let r be a nontrivial proper k-restraint on G. If D is nonempty, we can assume that r has value 1 at some vertex of D. We first suppose that r is not constant on B U D. We can now assume that r has value k at some vertex of B.
We omit the m = 1 case and assume that m 3 2. The case that r is constant on B is also left to the reader. For each i s m for which r has a constant value, say s, on Bi, we set f(i) = F; for the remaining values of i, we choose vi E Bi and set f(i) = r(vi) so that f is nonconstant. For i =S m, there are, by Lemma 5.1, distinct colors Cud and pi such that r(ui) $ {ai, pi} for vertex Vi of Bi and {%, Pi, . . . , %, b?z> = (19%. . . > 2m). Let ci denote an {(Ui, pi}-coloring of Bi that satisfies the restriction of r; to fix the notation, we assume that ci(Vi) = cq. Combined with the restriction of r to Ai, the coloring ci of Bi induces a (k, 2)-restraint ri on Ai. If ri is trivial, then we replace Ci by the coloring that agrees with ci except at Vi where it has value pisi. Since the induced restraint on Ai is now nontrivial, we can k-color Ai. At this point, we have defined a k-coloring c of G -D that satisfies r and does not use a color exceeding 2m on B. Since the restriction to D of the (2m + 1, . . . , k}-reduct of r is improper when D is nonempty, the coloring c can be extended to D (even when k = 2m + 1). Henceforth, we assume that r is constant on B U D with value 1. We can assume that r has value 2 at some vertex of AI. We color B1 with 2 and use both colors 2i -1 and 2i for Bi whenever 2 c i sm. Since the induced (k, 2)-restraint on AI is nontrivial, the argument for the previous case can be used to complete the proof. Cl Corollary 5.3. Each graph in .'5& and XI,, 13 amenable.
Proof. An odd cycle is amenably (k, k -2)colorable. Cl
For k s 3, it follows from Remarks 2 and 3 of Section 3 that any k-amenable graph is amenably (k + m -1, m )-colorable for each m 3 2. However, the next result shows that this implication does not hold in general. 
Non-amenable graphs of Toft and Riidl and Steiblitz
In this section we first recall a construction of Toft [8] that gives k-critical nonamenable graphs for k 3 5. Then we present a construction recently discovered independently by Rod1 and Steibitz [6] which as Toft first noticed gives examples of nonamenable 4-critical graphs.
Toft [8] introduced the class & of k-critical graphs for k 3 5 (see Fig. 4 
G is the disjoint union of k induced subgraphs A,, . . . , Ak_*, B, and D, and these subgraphs include all vertices of G. Each Ai, 1 s i s k -2, is an odd cycle. B is a complete (k -2)-partite graphs with cells B1, . . . , Bk_-2 and 261Bil~lAil for lcisk-2. D is (k -4)-critical and amenable.
Each vertex of Ai is joined to every vertex in D and to exactly one vertex outside Ai U D, and this vertex is in Bi (1 s i s k -2) . Each vertex of Bi is joined to at least one vertex of A, (16 i s k -2) . The graphs of & should be contrasted with those of rt,,, given in Section 5. Toft [8] showed that all the graphs in & are k-critical. Now B is a complete (k -2)-partite graph and if the minimum cell size is 1, B is not amenably I-colorable for 1 < 2(k -2) (see Section 1). For k 3 5 this means such a graph with minimal cell size at least k is not amenable. In Section 7 we shall investigate the "deficiency" of these nonamenable graphs. It should be noted that in the above definition we have modified (iv) by substituting that D be (k -,4)-amenable, for the condition that D = K,,_, of Toft [8] . By contrast the graphs .%!&,, defined in Section 5 are not suitable candidates for critical nonamenable graphs in spite of the fact they contain complete m-partite subgraphs because the m-partite core is 2m G k amenably colorable.
Next we turn to the more recent results already mentioned that stem from a construction of Rod1 and independently of Stieblitz [6] . Toft [lo] first noticed that a simple version of this construction will give 4-critical graphs which are not amenable. We reproduce the result with permission. The basic idea is to embed a graph which consists of five independent sets arranged in a "bipartite 5-cycle", which is 3-chromatic, in a 4-critical graph. Notice that using the embedding method as for $jk, the embedded graph would be 5-critical.
The reader may wish to consider Fig. 5 while considering the explicit definition given below. It is a smallest member of the class.
Let H be a graph which is the disjoint union of induced subgraphs A,, . . . , As, B such that (iv) Each vertex of Bi U Bi+z(mods) is joined to at least one vertex of Ai.
Then the graph H is 4-critical and it is not amenable since B is not amenably 4-colorable.
H can be obtained as a result of applying the hypergraph to graph construction Y3 cited in Section 1 to the result of adding hyperedges B, U B3, BZUB4, B3UBs, B4UB1, and B5UB2to B. Since every 2 and 3-critical graph is amenable, the answer to the question of Gallai [7] is completed by this construction of Rodl, Stiebitz, and Toft.
Creating amenable graphs from nonamenable ones
We consider some nonamenable critical graphs in $$, introduced in Section 6, and show how large a complete graph is needed to make the join with these graphs amenable.
In each case, we determine the smallest possible size for the complete graph. Consequently, we obtain many explicit examples of nonamenable critical graphs whose join with a single new vertex is amenable.
The following lemma has a proof similar to those given for Propositions 1.3 and 2.1. For any vertex critical graph G, its (amenability) deficiency, denoted by 6(G), is the minimum chromatic number of an amenable graph H such that G + H is amenable. Equivalently, by Lemma 7.1, 6(G) is the smallest size of a complete graph H such that G + H is amenable. Clearly, a vertex critical graph is amenable iff its deficiency is zero. By Proposition 1.3, 6(G) s IV(G)1 for any vertex critical graph G.
Let G be in & and assume that ]Bila 1 whenever 1~ i < k -2. Toft [8] showed that G + KI--5 is not amenable. If d>O and G+K6(oj is (k+6(G))-colored to satisfy r, then we show that k + 6(G) 2 n. Choose 123 so that d = b, + 1 -k -2. Since at least 1 -2 of B1, BZ, . . . , B, must be colored monochromatically with a color greater than bt, we need at least 1 -2 + bt = n colors. Consequently, 6(G) 2 d. It remains to verify the condition of Lemma 6.1 with 1 = d. Let r be a nontrivial proper n-restraint on G. In each case, we define a set S of k colors containing the arbitrary n-color a; and assign to each vertex of G a color in S. It will be evident that we have defined an S-coloring of G that satisfies r.
We first assume that the restriction of r to B is nontrivial. We renumber the Bi'S SO that We can assume that the restriction of r to Br U B2 is nontrivial. (This is obvious if . , rgk-* such that pi 4 r(Bi) for each i. Whenever 3 < i 6 k -2, Bi is colored wiih the single color pisi. We first assume that r(D) # {/Ii} whenever 3 < i s k -2. We (83,. . , , &-,)-color D to satisfy r. Let T consist of any four of the remaining colors. There is no loss of generality in assuming that T = { 1, 2, 3, 4). As in the proof of Proposition 5.2, we use Lemma 5.1 to 4-color B1 U B2 to satisfy r and induce nontrivial (4,2)-restraints on both Al and AZ. Next, we 4-color Al and A2 to satisfy these (4,2)-restraints.
The coloring of G is now completed by 4-coloring the rest of A to satisfy r.
We now assume that r(D) = {pi} where 3 <j 6 k -2. To simplify the notation, we take j = 3. We choose y 4 {&, . . . , /3k--2}; we also require that y E r(A3) unless r(A3) c {&, . . . , &,}.
We {y, p4, . . . , &-a}-color D to satisfy r. Suppose that 1,2,3 are three of the remaining colors and /I3 = 4. We 4-color each Ai, 4 < i s k -2, to satisfy r. Since the 3-reduct of r is nontrivial on A3, we can 3-color A3 to satisfy r. We 4-color B1, BZ, Al, and A2 as in the previous case. Observe that color 1 is actually an arbitrary choice from the remaining colors in each of the above cases. Consequently, we can force any n-color A3 to be in the final set S of colors.
Henceforth, we can assume that r(B) = {k}. T o simplify the notation, we shall permute colors and the index set (1, 2, . . . , k -2) without explicit mention. There remain five cases to consider. (One readily verifies that we have included all possibilities.) The S-coloring c will be specified in stages.
(i) (Y # k. Since S must be %',, if d = 0, we can assume that k <n. We color D to satisfy r so that c(D) = (5, 6, . . . , k -1, n}. We color Bi monochromatically with i + 2 for 3 s i s k -3, color Bk._* with n, and 4-color Ai to satisfy r. Finally, we set c(B,) = {1,2} and c(BJ = (3, 4) to induce nontrivial (4,2)-restraints on both Al and AZ, and then 4-color Al and A2 satisfying these restraints. In this case, (Y is 1 or n and S = (1, 2, . . . , k -1, n}. In all the remaining cases, (Y = k.
(ii) cx = k and r(A) = {k}. W e color D to satisfy r so that c(D) = {5,6, . . . , k}. For 1~ i s k -2, we color Bi monochromatically with i + 1 and (%$ -{i + 1})-color Ai. In this and the remaining cases, S = { 1, 2, . . . , k}.
(iii) (Y = k, r(A) = r(D) = (4). We {3,5,6, . . . , k -1}-color D satisfying r and set c(B,) = {i + l} for 2~ i s k -2. We (1, 2, k}-color Ai for 2 6 i 6 k -2. Finally, we {1,2}-color B1 to allow a (1, 2, k}-coloring of Al.
(iv) LY =. k, r(A) # {k}, and if r(D) = {/3} f or some n-color /3, then r(Ai) # {/3} and r(Ai) # {k} f or some i. If r is constant on D, then we can assume that the constant value is 1 or k. Also, if r is constant on AZ, then we can assume that the constant value is 4. We {4,5, . . . , k -1}-color D satisfying r and set c(Bi) = {i + l} for 2 < i =S k -2. We { 1, 2, 3, k}-color Ai satisfying r for 3 s i s k -2. We {1,2, k}-color A2 satisfying r. Finally, we {1,2}-color B, to allow a {1,2,3, k}-coloring of Al satisfying r.
(v) LY = k, r(A3) = r(D) = {4}, and r(AJ = {k}. We (5, 6, . . . , k}-color D and set c(BJ = {i + l} for 2 < i s k -2. We 4-color Aj to satisfy r for 4 < i s k -2, {1,2,4}-color AZ, and 3-color A 3. Colors 1 and 2 remain for B1 so that AI can be 4-colored to satisfy r. Proof. The maximum in Theorem 7.2 is attained when i = k -2. Cl
Amenable non-strongly critical graphs and some counterexamples
In Sections 2 and 3 we introduced the notion of strongly critical graphs and showed that the Haj6s sum of two strongly critically graphs is amenable. It is natural to ask whether there is a difference between amenable and strongly critical graphs, and whether the Hajos sum may be freely applied to amenable graphs. In this section we show that for k > 5 there are amenable graphs which are not strongly critical. The examples may be used to show that the Hajos sum of two amenable graphs may fail to be amenable.
In the following we fix the notation of the definition of & from Section 6. Let k>5 be fixed and let GE$~, with lBJz=k and IBil=4 for 2CiSk-2. By Corollary 7.3, G is amenable (and k-critical). Let r be a k-restraint on G such that r(D) = r(AJ = {l}, r(B,) = (1, 2, . . . , k}, and r(BJ = {1,2,3,4} whenever 2 6 is k -2. In order to satisfy the restraint T, each of the colors 5, 6, . . . , k must be used to color some Bi (i 3 2) monochromatically.
Consequently, for any k-coloring c of G permitted by r, c(D) = (5, 6, . . . , k}. Moreover, this property holds even if all edges between D and AI are remgved. Since no vertex of D is k-free, G is not strongly critical although it is amenable and critical.
We have not been able to resolve whether there are 4-amenable graphs which are not strongly critical. We conjecture that there are such graphs.
A candidate for this would be the graph obtained from H shown in Fig. 5 by taking lBi1 = 2 and l&l = 3. This graph is not strongly critical, but we could not decide whether it is amenable.
If there are 4-amenable graphs that are not strongly-critical, the construction in the next result will provide 4-critical nonamenable graphs different from the Riidl-Stiebitz-Toft type.
Proposition 8.1. Let G be an amenable 4-critical graph and let xy be an edge of G.
Zf (x, y) is not 4-unconstrained in G' = G\xy, then one of the following two constructions leads to a graph H which is 4-critical but not amenably 4-colorable. The choice of construction depends on whether x is or is not free in G\xy.
Construction (i). Let G1, G,, G3 be three disjoint copies of G' = G\xy with the vertex yi of Gi corresponding to y. The graph H' is formed from the union Gi U Gz U G3 by identifying the three copies of X. Finally, the graph H is obtained from the disjoint union of H' and a 3-cycle K3 with vertices vi, TV*, ran by adding an edge joining ni and yi for each i.
Construction (ii)
. Let G1 and G2 be disjoint copies of G with Xi, yi, i = 1, 2, the copies of x and y respectively. Let H be the result of applying the Hajos construction to Gi and Gz with xi and x2 identified and the edge y,y2 added.
Proof. Suppose x is not 4-free in G' = G\xy. Let H result from Construction (i). Fix a nontrivial 4-restraint r on G' such that r(x) = 4 and r admits no 4-coloring of G' that assigns 1 to X. Using r it is easy to define 4-restraints ri on Gi for i = 1, 2, 3 so that for each i = 1, 2,3 ri(x) = 4 and ri does not permit any 4-coloring of G' that assigns color i to Xi. Let r* be the restraint on H' that agrees with ri on Gi. Then r* witnesses that H' is not amenably 4-colorable. It is straightforward to check that H is 4-critical. Next suppose that x is 4-free in G' but that r is a non-trivial 4-restraint on G' with r(x) = 4 such that every 3-color is constraining for (x, y ) with respect to r.
Let H result from Construction (ii). If r* is the restraint on H induced by r (with "rr = r = r2" ) it is easy to see that any 4-coloring c of H\y,y, respecting r* must have c(yJ = c(y2). So H is not amenably 4-colorable, while it is clearly 4-critical.
As an application of the above graphs, G, observe that they can be used to show that the Haj6s construction does not preserve amenability. Indeed, fix the graph G and also fix x in D, and distinct vertices y,, y2, . . . , ys in Al for s = k-l log2 4 ( >
